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ABSTRACT: We consider the entropy of four-dimensional near-extremal N = 2 black holes.
The Bekenstein-Hawking entropy formula has the structure of the extremal black holes
entropy with a shift of the charges depending on the non-extremality parameter and the
moduli at infinity. We construct a class of near-extremal horizon solutions with R2-terms,
and show that the generalized Wald entropy formula exhibits the same property.
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1. Introduction

Explaining the microscopic origin of black holes entropy is one of the important tasks of
any theory of quantum gravity. Much progress towards achieving this goal in the frame-
work of string theory has been obtained for supersymmetric charged black holes in various
dimensions. One such class of extremal black holes characterized by electric and magnetic
charges (qr,p') exists in compactification of type II string theory on Calabi-Yau 3-folds
(CY3) (for a review see [I], f]). These black holes are obtained by wrapping D-branes
around cycles in C'Y3. Their near horizon geometry is AdSy x S? x C'Ys, where the moduli
of the Calabi-Yau 3-fold are fixed on the horizon by the attractor equation in terms of
the charges. Recently much work has been done on extremal non-supersymmetric black
holes [f.

The four-dimensional low energy effective action of type II strings compactified on CY3
is given by N = 2 Poincaré supergravity coupled to N = 2 abelian vector multiplets. The
macroscopic extremal black holes are asymptotically flat charged supersymmetric solutions
of the field equations. At leading order in the curvature, the entropy of the black holes is
given by the Bekenstein-Hawking area law S = %, where A is the area of the event horizon
and is determined in terms of the charges by the attractor mechanism. With subleading
R?-terms included, the entropy of these macroscopic black holes has been computed using
the generalized entropy formula of Wald [H].

With one electric charge gy and p? magnetic charges' one gets the entropy [f]

S = 277\/ qo (Dapcp”pPp© + 256D ap™) (1.1)

"We consider type II compactification with A = 1,...,bs and by is the second Betti number of C'Ys.



where Dapc and D 4 are respectively proportional to the triple intersection numbers and
the second Chern class numbers of the C'Y3. The first term in ([L.1]) is the Bekenstein-
Hawking area law, while the second term is the R? generalized entropy formula correction.

The aim of this paper is to study near-extremal N = 2 black hole solutions and their
entropy with R2-terms included. These are non-supersymmetric solutions, the horizon is
no longer AdSs x S? and the attractor mechanism no longer works. The moduli of the
CY3 are not fixed at the horizon in terms of the charges and the entropy depends on
the asymptotic values of the moduli. However, when considering the Bekenstein-Hawking

entropy one notices that it has the same structure as that of the extremal ones with charges

being shifted [E, E]
1
qo — qo + §Mh0, p* —pt+ §MhA7 (1.2)

where p is the non-extremality parameter and (hg, hA) correspond to the asymptotic values
of the moduli. A natural question to ask is whether this property of the near-extremal
Bekenstein-Hawking entropy holds with the R? generalized entropy formula ([.T]). Indeed,
we will provide evidence that this is the case for a class of near-extremal charged black holes
with DABCpApoC = (0, i.e. having an extremal limit with a vanishing classical horizon
area.

A relation between the indexed entropy of the BPS N = 2 black holes and the topo-

logical string partition function, evaluated at the attractor point has been proposed in [§]
ZBH = ’Ztop‘Q . (13)

We suggest that one may still use the relation ([[.3)) for this class of near-extremal N = 2
black holes, with the shift in the charges ([.3). If correct, one gets all the perturbative
F-terms corrections to the near-extremal N = 2 black holes entropy using the topological
string partition function. We note that this is unlikely to be correct for general near-
extremal N = 2 black holes. Indeed, we find near-extremal R? horizon solutions with
Dapep?pPp© # 0, which do not exhibit this entropy structure.

The paper is organized as follows: In section 2 we will give a brief review of four-
dimensional N = 2 supergravity with R2-terms. In section 3 we derive a generalized Wald
entropy formula for the near-extremal N = 2 black holes with R?-terms. In section 4 we
present the horizon geometry of near-extremal N = 2 black hole and compute the entropy.
We will first review previous results without R?-terms, and then present the new results
with R2-terms.

In the paper we will use a = 0, 1,2, 3 to denote the tangent space indices corresponding
to the indices p of the space-time coordinates (¢,r, ¢, ).

2. R2-terms in N = 2 supergravity — A brief review

We will consider N = 2 Poincaré supergravity coupled to Ny abelian N = 2 vector
multiplets. N = 2 Poincaré supergravity can be formulated as a gauge fixed version of
N = 2 conformal supergravity coupled to an N = 2 abelian vector multiplet (see []] for a
comprehensive review).



The on-shell field content of the vector multiplet is a complex scalar, a doublet of Weyl
fermions, and a vector gauge field. We will consider Ny + 1 vector multiplets, and will
denote by X!, I = 0... Ny, the scalars (moduli) in the vector multiplets. The couplings
of the vector multiplets are encoded in a prepotential F(X 4 ), which is a homogenous of
second degree holomorphic function.

The N = 2 conformal supergravity multiplet (Weyl multiplet) is denoted by W,
where 7, j are SU(2) indices. It consists of gauge fields for the local symmetries: translations
(P), Lorentz transformations (M), dilatations (D), special conformal transformations (K),
U(1) transformations (A), SU(2) transformations (V'), and supertransformations (@, S). In
the theory without R?-terms, the Weyl multiplet appears in the Lagrangian through the
superconformal covariantizations. In order to get the R?-terms, one adds explicit couplings
to the Weyl multiplet. This appears in the form of a chiral multiplet, which is equal to
the square of the Weyl multiplet W2. The lowest component of the chiral multiplet is a
complex scalar denoted A. The prepotential F'(X7', 11) describes the coupling of the vector
multiplets and the chiral multiplet.

We consider a prepotential of the form:

_ DapcXAXBXC N DaX4

F = A (2.1)

where Dypc, D4 are constants and A, B,C = 1... Ny. This prepotential arises, for in-
stance, from a compactification of Type ITA string theory on a Calabi-Yau three-fold. The
coefficients in the prepotential are topological data of the Calabi-Yau three-fold: —6D 4p¢
are the triple intersection numbers (symmetric in all indices), and —1536D 4 are the second
Chern class numbers. The first term in the prepotential arises at tree-level in o/ and in gs.
The second term arises at tree-level in o and is at one-loop in g,. It describes R? couplings
in the Lagrangian. In the large Calabi-Yau volume approximation Im(X4/X%) > 1, all
other corrections are suppressed and the prepotential consists of only these two terms.
We will assume this approximation to be valid near the horizon by an appropriate hierar-
chy of charges. The equations of motion should later be truncated to the same order of
approximation. One introduces the notation
0

Fr=—F(X' A), po=2

" P A), (2.2)

and similarly for higher order and mixed derivatives.

The bosonic part of the N = 2 conformal supergravity Lagrangian is
(XTFr — XTFp)R (2.3)
g i _ 1o _ 1= _
+ (m‘leDGF, + 5 Fr J(F - ZXITab)<F“b I — ZXJT‘“’ >
i
8

S - . . )
; (Fabf — o x! Tab> T 4 ZFT,T™ — = Fry Yy’

4 32 8

i ik _jlB 1 S ab—y | L Bab— N
_gFﬁﬁ(gz "' BijBr — 2F,, F* )+§Fa F21<Fab _ZX Tab)



— <ByFg YU 4 SF;0 + h.c.)

- _ 1 1 4
+i(XTF — XTFy) (D“Va = 5V Va— My MY + D“(I)ZaDa<1>°‘l-> .

e = y/|det(gu )| where gy, is the curved metric, R is the Ricci scalar, D, is the covariant
derivative with respect to all superconformal transformations, D, is the covariant derivative
with respect to P, M, D, A, V-transformations, Fa_bI is the anti-selfdual part of the vector
field strength, T, is an anti-selfdual antisymmetric auxiliary field of the Weyl multiplet,
i,7,... = 1,2 are SU(2) indices, ng are auxiliary scalars of the vector multiplet, and
Ve, M, <1>ia2 are components of a compensating nonlinear multiplet with a = 1,2. The
hatted fields are components of the chiral multiplet W2, with their bosonic parts given by

0° A=T,T%" (2.4)
92 Bij = —16€k(iR(V)kj)abTab_
F™~ = —16R(M) T~

~

o* C = 64R(M) """ R(M)“", + 32R(V) " R(V)™" — 16T~ D, DT}, .

C

T(;; = T(;b is the selfdual counterpart of the auxiliary field, R(V) abkl is the field strength of
the SU(2) transformations, R(M) ¢ is the modified Riemann curvature and R(M) adef
is the anti-selfdual projection in both pairs of indices. The bosonic part of R(M) ade is
given by?

c c cod 1 — e cd—
R(M) g = Ry = 41,6 + o (T T + THT), (2.5)

where Rade is the Riemann tensor, and f,¢ is the connection of the special conformal
transformations, determined by the conformal supergravity conventional constraints, with
the bosonic part:
1 1 1 i o rebs
fa,c = §Rac - Z <D + §R> 62 - §*R(A)ac + 3_2Tach 9 (26)
where R, is the Ricci tensor, D is an auxiliary real scalar field of the Weyl multiplet, and
*R(A)%, is the Hodge dual of the field strength of the U(1) transformations. Note that the
T?-terms in R(M),,*® cancel exactly the T2 contribution from f,°.
The auxiliary field D is constrained by a constraint on the nonlinear multiplet:

1 1 1 _ A
DV, — D — §R — §V“Va — ZMijMZ] + D®' D, ®, =0, (2.7)
where we have assumed a bosonic solution. Note that taking the constraints into account

we have ;

Ofe 1
~ 25961688 (2.8)
d d»
8Rabc 2 erc

where the r.h.s. must be constrained to have the same symmetries as the L.h.s. .

29, is the hermitian conjugate of ®°,.
3We have assumed the K-gauge fixing which will be defined later (@)



In order to obtain Poincaré supergravity one gauge fixes the bosonic fields (in addition
there is a gauge fixing of fermionic fields):

K—gauge: b, =0

D—gauge : i(X'F;— XTF)=1

A—gauge: X°=X">0

V —gauge : @', =5, (2.9)

where b, is the connection of the dilatations.

In addition to F-terms corrections to the N = 2 effective Lagrangian, one generally
expects D-term corrections which may be relevant already in the R?-level. For supersym-
metric black holes, it is conjectured that such terms do not contribute to the entropy [§].

3. Entropy formula with R?-terms

With the addition of R?-terms to the Lagrangian, the Bekenstein-Hawking entropy formula
is no longer valid. A generalization of the area law has been derived by Wald [[]. The
Bekenstein-Hawking area is recovered when taking the Einstein-Hilbert Lagrangian. We
work with the N = 2 supergravity Lagrangian, which does not depend on derivatives of
the Riemann tensor, and we further assume the black holes to be static and spherically
symmetric. The generalized entropy formula in this case is

(e 1L)
S = 2w Ae et —— =2 3.1
ab aRabcd ( )
where A is the (modified) area of the horizon, 9y = —¢19 = 1, £ is the Lagrangian density,

and the expression is evaluated on the event horizon. In the derivative, we treat the
Riemann tensor and metric as being independent and take into account the supergravity
constraints on the fields. Our derivation is similar to that of [, .

We get
de L) 1 b
— = ——4§%)
dR 16704 ©

1 1o, \OFe- . QFel- aC
——Im(F: (F - X' ) + FooF +Fs .
87 < AI( ef 4 ef> 8Rabcd AA” ef aRabcd AaRabcd

This expression can be simplified to:*

(e L) 1 p 1 ol _ B B
W = —16—7T5g5d+;1m 2FA\I qu _ZX qu Tmn —32FA\A‘R(M)xyqummin
a
OR(M)
—16F2R(M)m"pq> % — FZT“"T;L@Z] , (3.2)
ab
4Using the identity for anti-selfdual tensors: R™ R’ = R™, R, .



where m,n,... =0...3. The last term is the same as in the supersymmetric case.’

We have the relation:

R(M)™,, =C™ + Dé[p 5q] — 25[p R(A) dq (3.3)
where C% _ is the Weyl tensor. In addition, from the definition of R(M) ,°? we get:
cd ab
ORO)nn™ _ 50 st 5050 _ 2617 50 gl 3.4
aRbcd ™~ OmOn0c0q = 204,910 % » (3.4)

where the r.h.s. must be constrained to have the same symmetries as the lL.h.s., and we
used D = —%R + ... due to the nonlinear multiplet constraint (2.7).

Substituting all expressions, we obtain the generalized entropy formula for the non-
extremal R? case:

1 _
S = ZA —4A-Im (FE(]TM\Z +16Co101 + 16D)> , (3.5)

where we have used spherical symmetry, everything is evaluated on the event horizon, and
A = —4(Ty;)?. This formula differs from the extremal R? case by the Cpio; and D terms,
where also

A=—256mA4"" . (3.6)

Note that as in the extremal R? case, the entropy does not depend on the higher order

derivatives Fz,, F'z 7.

4. Near-extremal N = 2 black holes

4.1 Near-extremal N = 2 black holes without R2-terms

We will start by discussing non-extremal black holes in N = 2 supergravity without R?-
terms [f, [i]. The metric is given by

ds? = —e 2V p(r)dt? + 2V (f(r) " rdr? + 12dQ?) (4.1)
where dQ? = d6? + sin? 0d¢?, and
foy=1-%, (4.2)

and p is a non-extremality parameter.

The background is non-supersymmetric, with %,u being the difference between the
ADM mass and the BPS mass. The event horizon is located at r = p and the inner
horizon at r = 0. Unlike the extremal black holes, the event horizon geometry is not
AdSQXSQ.

5Using that DaDcT:g = DQDCT:g - fachl;7 for a bosonic solution. The covariant derivative string
may be expanded as D,D° = 1{D,, D} + 1[Da, D°]. Only the anticommutator part is dependent on the
Riemann tensor, however its contribution vanishes due to the identity for (anti-)selfdual tensors: T“b*TCbJr =
T Tk



Consider the prepotential:

DipcXAXBXC
F = ~0 , (4.3)
and the ansatz
U = =K (4.4)

where the Kahler potential K is
e K= i(XI(Z)FI(z) - Xl(z)F1(2)> . (4.5)
Fr(2) = F;(X(2)) and X'(z) are related to the X', by
X! =3B XI(2) . (4.6)

Consider black holes with one electric charge go and p*, A = 1,2, 3 magnetic charges.
One introduces the boost parameters ¥4, 7o, related to the charges by

p? = A pusinhy? cosh 4 (no summation)

qo = hopsinh~g cosh g, (4.7)
where h4, hg are constants® that determine the moduli at infinity. Note that for fixed
charges and non-extremality parameter, a choice of (y4,7) is equivalent to a choice of
(hA, hg). The extremal case is recovered in the limit p — 0;v4, vy — 0o, with the charges

held fixed.
Introduce the modified charges

p~AEhA

o = hopsinh® v = agqo (4.8)

psinh? 44 = opA (no summation)

where a” = tanh 4, ap = tanh . In the extremal case a?,ag — 1.

In the extremal supersymmetric case, the vanishing of the gaugino variations under
N = 1 supertransformations, implies generalized stabilization equations, also called the
supersymmetric attractor mechanism [[]. These equations determine the values of the
moduli on the horizon in terms of the electric and magnetic charges. In the non-extremal
case the gaugino variations do not vanish. Consider an ansatz similar to the supersymmetric
stabilization equations of the form

i(X1(2) - X1(2)) = A

i(Fi(z) — Fi(2) = A, (4.9)
where H!, H; are harmonic functions
=1
qH =n+ 2
r
Ho=h+1Z (4.10)
T
SThese parameters are constrained by the asymptotic flatness condition: e2V() = |h Fr(c0) —

hi X' (c0)]? = 1.



These equations do not exhibit an attractor behavior, since the moduli on the event horizon
at r = u depend on the moduli at infinity.
The auxiliary field T ; takes the form

o ko k! k2 k3 1 ¢
T —iT= — e V0 (411
01 = a3 <a0(r + ko) + al(r+ kb + a?(r 4+ k2) + as(r+ k3) r© » (41)
where
A2
A = psinh?~44 = % (no summation)
2
= psinh?yy = 290 4.12
ko = psinh” g T~ (ay)? ( )

The ansatz solves the field equations only for equal parameters 4 (A =1...3).7
Solving the stabilization equations, one obtains the moduli on the horizon in terms of
the charges and the moduli at infinity. The Bekenstein-Hawking entropy takes the form

5= =2/ (2),2ane (2)(8)" (2)° 13

where
A A
<£) = p_A = hjucosh? 44 (no summation)
a o
<g) =D _ hop cosh? g (4.14)
alo o

This has the same form as the extremal entropy, with the charges (qo, p) replaced by the
((%)0 , (g)A). Note that, unlike the extremal case, the entropy depends on the values of
the moduli at infinity. In addition, the non-extremal entropy has a different functional

dependence on the original charges since the parameters (a”

,ap) depend on the charges.
The near-extremal black holes are described by adding to the extremal black holes the

leading terms in u, while holding the physical charges fixed. One gets

b 44 1.4 2
<a) =p +2h w+ O(u)
Ty _ gyl 2
< )O—qo+2h0,u+0(,u). (4.15)

(0%

We see that the near-extremal Bekenstein-Hawking entropy formula has the same struc-
ture as the extremal entropy with a modification of the charges depending on the non-
extremality parameter p and the asymptotic values of the moduli 4. In the next section
we will construct a class of horizon solutions, where this structure holds with R?-terms, as

in (LL1)) and ([L.9).

"One can relax the condition on the v4’s by restricting the prepotential to specific choices Dapc. For

instance, if only D123 is nonzero, all v*’s may be chosen independently. Alternatively, [ﬂ] suggests a method
for finding near-extremal solutions with no restrictions but only in the near-extremal regime.



4.2 Near-extremal N = 2 black holes with R2-terms

We would like to get an explicit expression for the entropy for the near-extremal black
holes with R?-terms (B.5), as a function of the charges and the moduli at infinity. Consider
black holes with one electric charge go and p?, A = 1,2, 3 magnetic charges.

The bosonic part of the vector field strength Fo_lj is given by the equation of motion:

_ _ 1 _
Q(ImF[J)FOIJ = Gz — F[JFQ{S + §T011m (F[ + F[JXJ — 32F21(200101 — D)> , (4.16)

where we have introduced the dual field strength

d(e L)

G = 9; 4.17
I aFc{b_ ( )

The magnetic parts of the field strengths are obtained from Bianchi identities, and for a
static spherically symmetric metric can be taken as

1

Fl, = ﬁe—QU(r)pI
1 _
Gasr = e gy, (4.18)
where we used ggg = gpp/sin6 = 22V,
We get
-1 (a FoaF + 2T T Fy + For X — 32F+ (2G, D
0l = 9ImFy, 230 — £'0A 23++§ orIm | Fo + For X™ — 10(2C0101 — D)
- 1 - _ 1 _
Fp' = APy <—F21F213 — Fy3Fy + §T01Im(F21XI)> +
_ _ 1 B
+ 4ImF3; <_F31F213 a F32F223 + §T01Im(F3[XI)> -
IIIIF32 _ 9 _ 3 1 i
————— | —F19F5; — Fi3F: —To;Im(F 1 X
4ImF51ImF3; < 12523 13493 + 9701 Hl( 17 )
Fy? = Fy'(1-2,2-3,3—1) (except “23” in Fi;)
Fo? = Fo'(1—3,2—1,3—2)  (except “23” in Fy), (4.19)

where FOEQ,FOE?’ are obtained by cycling the indices of F(il, and we have assumed the
prepotential satisfies
ImFy =ImFz;, =0. (4.20)

With the ansatz given later for the prepotential and moduli, the terms with 73, in
F(ﬁl, F(ﬁ2, F(ﬁ?’ are zero, and the latter further simplify to

—A_ %pa
In addition, due to spherical symmetry:

Fyl = —iFy". (4.22)



The auxiliary field D may be determined by the constraint on the nonlinear mul-
tiplet (R.7). We will however retain D, appearing in the hatted fields (R.4) of the La-
grangian (R.3), as an independent degree of freedom. The nonlinear multiplet fields then
appear only in the last line of (2.3),® and one can easily solve for them. The bosonic parts
of the equations of motion of M;; and V, give

M;j =0
Vo=0. (4.23)

In the second equation we used eD*V, = 0%(eV},), which holds in the K-gauge and can
be dropped in the D-gauge (B.9) as a total derivative term in the Lagrangian. The V-
gauge (B-9) sets &', = &, and this gives D@’ = 0 for a solution where the SU(2)
connection is zero, which we will consider. Therefore we remain with

1
D=-3R. (4.24)

The area of the horizon A, the Weyl tensor Cpyi91, and the Ricci scalar R are all
calculated from the metric. It remains to find solutions for the metric, the moduli X7 (z),
and the auxiliary field 7;;;. In addition, for solving the equations of motion, we will
need solutions for the U(1) connection A, and the SU(2) connection Vaij, which in the
supersymmetric case could be taken as zero. We will make an ansatz for the solution on
the horizon, which is an extension of both the extremal case with R?-terms (see [[]) and
the non-extremal case without R?-terms. One may consider the ansatz of the non-extremal
case for the metric (1), (4), (E.9), the modified stabilization equations (f.9) which give
the moduli, and the auxiliary field (.11), with the R? prepotential (R.1]). However this
proves to be insufficient, and since we will consider a near-extremal solution, we introduce
linear p-corrections to the fields.

Our ansatz is

AyByC A
F = DABC);OX X DAX)O( A (4.25)
ds® = —e 200 f(r)dt? + 0O (£ (r) " dr® + r2d02%)
U0 = K (1 4 pugiy)

Fo) = (1=5) 1+ )

XA() = —2rA (14 uba)

1 \/DABCQJAJUBQJC — 4DAxAA\(z) (1 + ufo)
5 KPo

2 Z0
b= T, ko k! K k3 11k
T, =il = 1 )

o e <O‘0(7”+k0)+041(7°+/€1)+a2(r+k2)+a3(r+k3) ezt (1+ pbr),

80ne may think of this last line as part of a Lagrangian multiplier which cancels the linear dependence
of the original Lagrangian on D.

,10,



where

A A A A
= akf + 2 rp (no summation)
aoPo @040
_ 4.26
Zo ko T (4.26)
and
Alz) =e KA (4.27)
= —de” M(T5,)?

ko k! k2 k3 ’ 1 2
pu— —4 4 1 .
(Oé(](’l" + kﬁo) + al(,,« + kil) + 042(7” + k‘2) + 013(7” + k‘3) 7’2( + MﬂT)

Bu, By, B1, B2, B3, Bo, Br are finite constants,” and e ¥ also contains ’s. Note that besides
the explicit u-corrections above, some of the fields will also have implicit © dependence via
e K and A(z).

In addition we assume

Ay =0
v, =0. (4.28)

The vanishing of the SU(2) connection implies also Yé = 0 [[Lq].

For our ansatz to constitute a solution, it must satisfy the equations of motion on the
horizon for the metric, the moduli X/ (z), the auxiliary field Ty, and the U(1) connection.
The equation of motion for the SU(2) connection is always satisfied by the vanishing SU(2)
connection, for a bosonic background and with our choice of V-gauge (also assuming no
hyper-multiplet scalars). This is since the SU(2) connection and its derivatives then appear
in the Lagrangian always at least in quadratic form. In general the above ansatz is not
a solution to the equations of motion. However, we have found that it may constitute a
near-extremal horizon solution if we require equal boost parameters and D 4pcp?pPp® = 0.
The latter condition on the charges implies the vanishing of the classical horizon area in
the extremal limit.

In the near-extremal regime we linearize the algebraic equations of motion (after sub-
stituting the ansatz) in the small expansion parameter p < 2kA, 2ko. This must be done
after taking the horizon limit r — pu, since for a small but finite ; we want to have two
topologically distinct horizons. Also, we must remember that the boost parameters a?, aq

depend on p with constant k4, ko:

kA
ot = % — (no summation)
ko
= . 4.29
0= (4.29)

9With more general r-dependent corrections, one has to note that the location of the horizon may change.

— 11 —



In our linear approximation the shifted charges are

A 1
(3)::¢(1+JL>+OW%=pA+;ﬁu+om% (no summation)

o 2kA
7y _ s 2y l 2
QQO-%(Hd%)+ow>—%+2mM+mﬂ>. (4.30)

Here h?, hy do not necessarily correspond to the asymptotic values of the moduli, since
our ansatz is only shown to constitute a solution on the horizon. Next, we choose equal
boost parameters: ag = a! = o? = o®. Without R?-terms this would be the non-extremal
version of the double-extremal black hole. Denote: k = kg = k' = k2 = k. Finally,

Dapcp?pBp® = 0 would imply a vanishing of the classical horizon area for the extremal

R-level case [[L1]].

Under these three restrictions our ansatz (f.25) solves the field equations, with the 3’s
for some simplified cases given in appendix A. We note that we have also found solutions
with Dagep?pPp® # 0, where the entropy does not have a simple form. In appendix B
we comment on the derivation of the metric field equations.

For the above ansatz, the area of the horizon, the Ricci scalar and the Weyl tensor on
the horizon read

A= 471',[1,267[((74:“)

pB¢ 2
R=— 1 o)
8v/qoDap”
Coio1 = —Miﬁf + O(MQ) . (4.31)

481/ qoD ap*

Substituting the solution in the generalized entropy formula for the near-extremal R?
case (B.§) yields the explicit entropy:

S = 327\ qoDap? (1 + ﬂ) +0(u?) (4.32)

= (4),24 ()’

1 1
= 3277\/<q0 + §h0,u> Dy <pA + §h‘4u> +0(p?), (4.33)

where we must choose the signs of the charges such that the result is real. Note that

Ao

due to the assumption of equal boost parameters, h* = p . This has the same form

of the corresponding extremal R? case where Dpcp”pPp© = 0, with the charges qg, p?

substituted by the shifted charges (%)0 (%)A. This is similar in fashion to the transition
from the R-level extremal entropy to the near-extremal entropy. It would be interesting to
compare the obtained expression for the entropy, to a corresponding microscopic statistical
entropy, which is currently unknown.

As in the extremal R? case, we have retained only the tree-level o/ F-terms, requiring

that the large volume approximation is valid near the horizon by imposing: |gg| > [p?| > 1.
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If the prepotential does not contain higher powers of A\, the condition of large charges may
be used to constrain any R* or higher D-term corrections. However, we cannot rule out
other contributions to the field solutions and entropy coming from D-terms in the R?-level.

The Hawking temperature for our static spherically symmetric black hole is given by

Or gt ol

47 vV —GttGrr horizon B 647‘1’\/ QQDApA

In this approximation, replacing the charges with the shifted charges does not change the

T=— +0(p?) . (4.34)

result.

Since the solutions have been constructed only on the horizon, and without the su-
persymmetry property, one still needs to analyze whether an interpolating solution exists
which smoothly connects the horizon to asymptotically flat space. This is a prerequisite
for the existence of a corresponding black hole and for the validity of the Wald entropy

formula (B.1)).
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A. Solutions of the field equations

Following are the explicit solutions for the (’s of (}.25) which satisfy the equations of
motion, under the discussed restrictions. All 3’s must satisfy: |3] < p~!. In all the
following, Gy is a real free parameter which rescales the Kéhler potential relatively to the
metric (which is actually a gauge freedom). Our calculations were done using Maple with

GRTensor.

(1) For the case D113 = D133 = D223 = D233 = D123 = D1 = D2 =0:

8 = _ 3D333p°p°
5 T 056kDs
260 = By
261 =202 = By — Bu
263 = [ — % - Bu
20r = %— Bu . (A1)

(11) FOI‘ the case D112 = D122 = D223 = D233 = D222 = D123 = D2 = OZ

g — 3X2
5 956kY
260 = By
Dsp3X 1
QBlzﬂf_L___ﬁU

,13,



235 = anything

DlplX 1
28; = _Z_
B3 = By + =Y k Bu
1
QﬁT = E - BU’ (A2)
where
1

X = 3 (D333P3P3p3 + Dy33p'p®p® — Di1sp'p'p® — Dmplplpl) (A.3)
Y = (D1 Dss3p’p® + D1 Dissp'p® + DsDi1sp'p® + D3 Dinip'p') p'p® .

Note that here it is assumed that ¥ # 0 and
D333p®p°p® + 3D133p'p’p® + 3D11sp'p'p® + Dinp'p'p' = 0. (A.4)

(iii) For the case D112 = Digg = D113 = Diss = Dagsz = Dasgs = Dy11 = Daga = Dasz = 1,
Digg = —1%, and p! = p? = p*:

Br =0
28, = 0
261 =202 =203 = —% - Bu
20r = %— Bu - (A.5)

B. Derivation of the metric field equations

In order to simplify the derivation of the equations of motion, we write the Lagrangian in a
form which is explicit in the scalar degrees of freedom. There are some subtleties regarding
the degrees of freedom of the metric. Here we will identify these degrees of freedom and
how they should be accounted for in the computation.

Let L(v,0u1,0,0,7) be a Lagrangian density depending on the scalar field ¢ and
its first and second space-time derivatives. The equation of motion for ¢ is given by the
Euler-Lagrange equation:

o o, <%) 0,0, (ﬁ) 0. (B.1)

In our case, the action contains curvature tensors which are built from second order deriva-
tives. Thus we need to take the full second order variation. Alternatively, one may integrate
the action by parts, and take the usual first order variation.

We assume a static and spherically symmetric metric. A general form of such a metric is

ds® = —e 21 ge? 4 22 g2 4 2Us(M)2402 (B.2)

Correspondingly, we will get three equations of motion for Uy (r), Us(r), Us(r). Any metric
has only two real degrees of freedom: 16 — 6 (symmetric components) - 4 (Bianchi iden-
tities) - 4 (coordinate redefinitions) = 2. So our static and spherically symmetric metric
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really contains only two independent r-function degrees of freedom. Thus one of the three
equations of motion will be redundant.

We will explain why the above policy is nevertheless advantageous. One may set e.g.
Us(r) = Ui(r) by a redefinition of the r-coordinate. This choice of “gauge” may result in
a trivial equation of motion for Uj(r), leaving us with only one independent equation of
motion. The missing equation of motion has to be obtained from the requirement that
the action is invariant under the choice of gauge. IL.e. the variation of the non-gauged-fixed
action with respect to Ua(r) must vanish. This is also known as a Hamiltonian constraint.
However, this is just the original equation of motion for Us(r) that we threw away by the
gauge fixing. Thus we will simply retain all three degrees of freedom in the metric, which
will give two independent equations of motion.

One may now be concerned about other gauge fixings implicit in the choice of coordi-
nates of (B.2), e.g. vanishing off-diagonal components or ggg = 9o/ sin6. However, our
metric is the “maximally general” metric preserving the assumed isometries of the solution,
namely staticity and spherical symmetry [[[J]. For such a solution, the equations of motion
corresponding to the trivial metric components would be automatically satisfied and would
not yield new constraints.

In order to be consistent with the notation of our solution (4.25), we will actually use
the metric:

d82 — _672U1(r)f(,r)dt2 + 62U2(7’)f(,r)*1d,r2 + BQUS(T)TQdQQ , (B3)

where f(r) is given. The solution to the equations of motion is given by
Ui(r) = Us(r) =Us(r) =U(r), (B.4)

where U(r) is given. When deriving the equations of motion, we must retain the separate
degrees of freedom of the metric.

The fields Fa_bI , T, in our solution, are given as the anti-selfdual parts written with
tangent space indices. In this form, these fields contain metric components, while the
metric-independent fields are Fiy, T, Let us denote by Fy,’(r), Ty,  (r) the (0,1) compo-
nents of these fields as given in our solution ([.19), ([£.2), before we explicitly introduced
the separate metric degrees of freedom. When these fields appear in the Lagrangian ex-

plicitly (including via the hatted fields (R.4)), they should be rewritten as

FOEA _ ZF2EA _ €2U(T)_2U3(T)FOEA(T)
F0_10 = Z‘}'12_30 = eUl(r)iUQ(T)FOEO(V")

Ty = Ty = 10200 () (B.5)

v

Alternatively, one may work with the F l{ T}, form and put appropriate projection oper-

ators in the Lagrangian.
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